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PLANE FIELDS OF FORCE WHOSE TRAJECTORIES ARE 
INVARIANT UNDER A PROJECTIVE GROUP* 

HY 

GEORGE WILBER HARTWELL 

A particle moving freely in a plane under the action of a force which depends 
only on the position of the particle has equations of motion of the form 



m 



d 2 x 



y 



= <f>(x,y), rn-j^ = y}r(x,y) 



The functions <f>(x, y) and ifr(x, y) are assumed to be uniform and to possess 
first and second derivatives over the part of the plane considered. The case in 
which both are zero is excluded since then the field of force vanishes and the 
trajectories will consist only of the oo 2 straight lines of the plane. 

The particle may be projected from any position x , y , at any time t , and 
with any velocity, given by the direction y' and the speed v . By varying the 
four arbitrary constants x , y , y' , v , all trajectories are obtained. However, 
since each trajectory can be described by starting from any one of its points 
with the proper velocity, each field of force gives rise to only a triply infinite 
system of curves. 

The differential equation of such a triply infinite system of curves has the 
formf 

y" = Hy" 2 + Gy" 
where 

Any differential equation of this type is transformed into another of the same 
type by means of the collineations of the plane.J There are no other contact 
transformations which convert every system of trajectories into a system of tra- 
jectories^ Although the type is invariant, each single equation of this type 

* Presented to the Society November 28, 1908. 

fE. Kasnee, The trajectories of dynamics, these Transactions, vol. 7 (1906), pp. 401-424. 

J Ibid., p. 420. The importance of collineations in dynamics was first indicated by Appkll, 
De Vhomographie en meeanique, American Journal of Mathematics, vol. 12 (1890). 

§ E. Kasnke, Note on the transformations of dynamics (abstract), Bulletin of the Ameri- 
can Mathematical Society, vol. 13 (1906), p. 157. 
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will not in general be invariant under any eollineation. The object of this 
paper is to determine the plane fields of force that give rise to a triply infinite 
system of trajectories invariant under a continuous group of projective 
transformations. 

In sections I-VI we determine the forms of the functions <f>(x, y) and 
■ty(x, y) such that the corresponding system of trajectories is invariant under 
some one of the projective groups completely tabulated by Lie.* In section 
VII the results of the preceding sections are collected. In section VIII 
the fields of force corresponding to groups of three or more parameters are 
considered in detail ; the systems of trajectories are here given in finite form, and 
the cases indicated in which the trajectories are conies. It is of interest to 
note how the familiar forces of nature appear among those whose trajectories 
allow the largest groups. 

I. ONE-rARAMETER GROUPS. 

§1. xp + ayq, a + 0,1 [85] .f 

Every one-parameter continuous group of point transformations contains one 
and only one infinitesimal transformation 

df df 

H x iy)ft c + r )(x,y)Qy-, or %(x,y)p + V (x,y)q. 

On the other hand each such infinitesimal transformation belongs to a single 
one-parameter group and consequently can be said to generate that group.J 
The increments given to x and y by such an infinitesimal transformation are 

hx = l;Bt , By = rjBt . 

The increments given to y , y" , • • • , y {n) are determined by the relation § 

h(dy^- 1) — y™dx) = 0. 

The infinitesimal transformation xp + ayq , a 4= 0,1, gives to x , y , y ,y" , y" 
the increments 

Sx=x8t, 8y=ay&t, Sy'=(a—l)y'St, 8y"=(a—2)y"8t, §y'"=(a—2>)y'"8t 

We write the equation of our trajectories in the form 

D = y'"-Hy" 2 -Gy" = 0. 

If D = is invariant under the group, then 

3D dD. SB dl) 3D „ 



* Lie-Scheffkes, Continuierliche Gruppen, pp. 288-291. 

f The number in brackets indicates the place of the corresponding group in Lib's list. 

J By the group fp + vq we shall mean the group generated by this infinitesimal transformation. 

§ Lie-Scheffers : Geometrie der Beriihrungstransformationen, p. 137. 
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by means of D = when 8y, Bx, etc., are replaced by their values. 
Expanding this, we find 

[xH x+ ayH+{a-l)y'H,+(a-l)H\f*+ [xG x +ayG y +{a-l)y '&,'+ £] = 0, 

which must be satisfied identically. Hence 

(1) xff m + ayff +(a-l)H y , + (a- l)H=0, 

(2) xG x + ayG y + (a-l)G, y + G = 0. 
The general solution of this set is 

where a, (3 denote arbitrary functions of their arguments. But since II is of 
the form — 3<£/(i|r — <t>y), we have 

Placing x a /y = w, x l ~ a y =v, we find 

By hypothesis $ and i|r are functions of a; and y alone. They do not contain 
y and hence must be independent of v . The left-hand member of (4) can be 
put in the form — 3 / '(a; 1- " yjr / '<£) — v. Since this is a function of u and v, 
x l ~ a TJr/<f> must be a function of u alone. The most general forms of <f> and ifr 
are then 

(5) <f> = F(x,y)F^y 

(6) + = x°-*F(x,y)F 2 (^y 

in which F{x, y) is an unknown function to be determined from 

(7) q = ^i + ft* — faW — hy'* 

K r yjr — <j>y' 

From (5), (6), and (7), we then have* 



ON xF x ,F V 
(8) -^ + xy'^ + 

V -F i -x—yF x 



= /3(^-v)- 



* By F[ , .Fj we shall always mean the first derivatives with respect to the single argument 
involved. 
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Since F r , F 2 , F[, F' 2 are functions of x"/y alone, the third term of the left- 
hand member is a function of x a Jy, x l ~ a y. The other terms of the left-hand 
member must then be a function of the same arguments, say 

(9) a j+v5=^(^^-v). 

The function F, however, does not contain y. Hence both xF x j F and x a F y jF 
must be functions of x"/y. We choose the form of these functions in the way 
most convenient to avoid integral signs as follows : 

(10), (11) —'.a-fi^-y _*_^_j. 

From (10) we have 

(12) log^=/3 2 (J)+/(2/). 

Hence, from (11) and (12), 

x 2a n , ( x n \ ,,, N . (x a \ 

- 7 «( 7 )+-r(io-*( F )- 



We thus find 



f(y) = y - l /(2/) = 1 ogc l2/ % 



F(x, y) = ctfe**. 
Placing c l F l e&* = F 3 and c, F 2 e&* = F 4 , we have as the final solution 

-"•(?)• *-£'•(?)■ 

§2. p + yq [36]. 
This one-parameter group gives to x,y,y', y", y" the infinitesimal increments 

Bx = Bt , By = yBt , By' = y'Bt , By" = y'Bt , By'" = y'"8t . 

By the same course of reasoning as in the preceding case, we must have H and 
G such functions that they satisfy the two equations 

(1) H x+ yH y + y'H,+ H=Q, 

(2) G x + yG y + y'G y , = 0. 
Solving (1) and (2) we have 

(3), (4) //=-*«(e-* y , 0, £ = /3 ( e -^'). 
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Therefore 



30 



>-'{*-»•;} 



y y 

By a course of reasoning similar to that employed in the preceding case, we 
find 

(5), (6) $ = F{x,y).F 1 (e-*y), f = F(x,y)- F 2 {e~*y). 

From (4), (5), (6), and the relation connecting <j>, yjr and G, we have 

' / '\ 2 

y + /y + -TTjr^ ^— <^.J> 

2 y ' 

The third term of the left-hand member is a function of e~*y, y'Jy, hence 
F z jF and y{F jF) must be a function of e - *?/. We choose these unknown 
functions in the following convenient form : 

F • B'(e- X v) F 

co, (?) t=-*^Ht)' *#=*■<•-*)• 

Integrating (7), we have 

(9) \ogF = log/3 1 {e-*y)+J(y). 
Then, from (8) and (9), 

(10) e~*y g|^f] + Uf'(y) = 0,(00, 

/'(y) = ^> f{y) = ^gc lV \ 

Hence 

F(x,y)=c l y°0 l (e-*y). 

Changing the notation, we write our result in the form 

4> = y°F 3 (e-*y), ^ = y^F i {e^y). 

§3. p + xq [37]. 
The conditions to be satisfied by ZTand G are here 
(1),(2) H x + xH+II v , = 0, G x + xG v +G v , = 0. 

The solutions are 
(3), (4) H-=a(x i -2y,x-y), G = /3(x* - 2y, x - y). 
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The same method of reasoning used in the two preceding cases gives 

(5) <f> = F(x,y)-F l (x 2 -2y), 

(6) ^ = xF{x,y)F l (x i -2y) + F{x,y)-F 2 {x 2 -2y). 
From (2), (5), (6) and the relation between G and <f> and yjr , we find 

( 7) 3 + y F+ s ± ^<-_-/;,:y - ^ - «*-* - .o- 

The third term of the left-hand member is a function of the two arguments 
x 2 — 2y and x — y. Then FJF + y -F y /F is some function of the same two 
arguments. We have then 

WW ^- ^(^ _ 2y ) + / ^ a; ^y;. jp»- / 8 i ( aj «_2y)- 

From (9), we have then 

(10) log^=log y S 1 (cc 2 -2 2/ )-f/(a ; ). 

From (8) and (10), we find that 

f\x) = 2 (x*-2y). 
Hence f'{x) = c,f(x) = ex + log c l . Therefore 

F(x,y) = c l e°*l3 l (x 2 -2y). 
The final solution may be written in the form 
<f> = e°*F 3 (x*-2y), 
^ = x^F 3 (x 2 - 2y ) + e^F^x 2 - 2y ) . 

§4. asp + yj [38]. 
The result may be written 

These functions can be obtained from the expressions for <|> and i|r determined 
for the case of the group [35] by making a = 1 and changing the notation. 

§5. ? [39]. 

The conditions that D = shall be invariant under this, the last of the one- 
parameter groups, are 

ff y = 0, G v =0; 

so that 

H=a(x,y), G=fi(x,y). 
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Since 














we must have 






-3</> 


a(a?, 


y), 






<t> = 


■F(x,y) 


I\(x), 


i/r = 


-.F(x,y)-F 2 (x). 




These give 


















F 

-p+y 


Fy,F' 2 - 

F + F 2 - 


y'F\ 
y'F x 


= P(x,y). 




The third term of the left hand member 


is a function of x and y ; 


hence 






F x 
F~ 


-fr(xY 


F 

y 

F 


= /3 t (x). 





[April 



From these, we find 
The resulting field is 



<j> = ePF s (x), f = e cy F i (x). 



II. . TWO-PARAMETEK GROUPS. 

§6.p+xq,q [24]. 

In order to determine the forms of </> and yfr such that D = shall be invari- 
ant under the group generated by two infinitesimal transformations we will first 
determine the form of <f> and ■ty and hence H and G such that D = is invariant 
under one of the infinitesimal transformations ; then impose the additional con- 
ditions on H and G necessary for invariance under the second. 

We have already seen (§ 3) that when D = is invariant under group [37] ,* 

</> = e^F^x 2 — 2y) and yjr = xe cx F 3 (x 2 — 2y) + e^F^x 2 = 2y) and hence 

n \ tt- ~ ZF i 

W M -F i+ {x-y')F^ 

f9 \ n F > + cxF s+ xF^±F^± cF i+ (xF 3y +F iy -cF 3 - F 3x )y- F 3y y 2 
{Z) (x_ "" F i + (x-y')F 3 " • 

If D =. is also invariant under q, then 
(3),(4) H y = 0, G y = 0. 

To be invariant under both groups, </> and yjr must be such functions that (1) 
and (2) are consistent with (3) and (4). 
From (1) and (3) we have 

(5) F 4 F 3v -F 3 F iv = 0, 

*By group [37], etc., we mean throughout this paper the thirty-seventh, etc., group accord- 
ing to the numbering in Lie's list. 
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and this gives 

(6) F^J\x)-F 3 . 

But F^ and F 3 are functions of x 2 — 2y ; hence f(x) must be a constant, that is, 

(7) ^ =«,*;■ 

From (1) and (2) we have 

(8) G =-^+x-= y ^+F 3 + yF 3 - 

Since F 3 is independent of y we have, from (8) and (4), 

Therefore 

From (11) we find 
(13) \ogF 3 = \ogf y {x)+f 3 {y), 

and, from (12) and (13), 
Therefore 

/3(y) = - 2c 2y + lo g c 3' 

log i^ 3 = - 2c 2 y + log/(x) + log c 3 . 
Bnt log F 3 is a function of x 2 — 2y alone. Therefore we must have 

l ogf(x) = c 2 x 2 . 
The forms of F 3 , F i are thus found to be 

F, = c,e °***-w , F, = c,c,e <** 2 -w . 

6 a ' 4 1 o 

The corresponding field of force is 

<f> = c 3 e<^-«+" , ^ = (c 3 cc + c 1 )e C2(x2 - 2 +c ' (e t =e,ft,). 

§7. p + yq,q[25]. 

Using the result under group [36] , and imposing the extra conditions 

(1),(2) ff=0, G y = 

we find 

(3) F 3 = c 1 e~*yF i , 

a G -H±l)l , w~ x yy . ^ + .A 
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Then from (4) and (2), we have 

(5) l(**\ +v > d ( F A {C + 1)y ' 

Since F i is independent of y\ we have 

*>*> i(5r)-. ^)-^- 

Then, from (7), 

<8) 5f = 5x5 ' ^ Fi = l0g/(a!) + A{V } ' 



From (7) we have 

(9 ) ^> = _^±1 +A{x)i log J F 4 = -(c + l)log2/ + y/ 2 (z)+/ s (*). 



4 



Since the right-hand member of (8) consists of the sum of a function of x 
and one of y, and F t is itself a function of e~ x y, we must have 

{10) f(x) = c 2 x and f x (y) = - c 2 logy. 

Then from (9) and (10) we have c 2 = c + 1 . Therefore 

'.-(if- '-*(?)' 

The field is 

4> = c l e cx , i/r = e ( c+1)I . 

§8. q + xp, xq [26], 

We have shown (§ 2) that when D = is invariant under the group p + yq, 
we have <f> = y°F 3 (e~*y), ^ = y c+1 F t (e~ x y). The group y + asp can be 
obtained from the p + yq by the interchange of as and y. Therefore our func- 
tions must be of the form 

^ = x c+1 F 4 (e-"x), yfr = x e F i (e- v x). 
This gives 

(D m- "^ 



(2) # = 



F 3 -xy'F; 
cF 3 + xF 3x + [( c + 1 ) »F 4 - x 2 i^ + asF^ ]y-^VX 



F.-xy'F, 

The additional conditions expressing invariance under xj are found to be 
(3), (4) xH y + H, = , *£„+£„, = . 



1909] hartwell: plane fields of force 229 

From (1) and (3) we have 

(5) F 3 F iy -F t F Sy + F\ = 0. 

Let e~ v x = v . Then F iy = — v ■ dF K / dv and likewise for F 3y . Then (7) 
becomes 

<6) F 3 F' t -F 4 F' 3 -^ = 0. 

Integrating (6), we have 

(7) F 3 = - (log c i v)F i F.-logc^x. 

Then, from (2) and (7), we have 



c 1 F, ,F\ 

x + xy + log c^x + F^ y F/ 



( 8 ) ^ — ™ + ™/ J- ln<r ^ «-»!« + 7^ + ^ 



From (4) and (8), it follows that 

Since F 4 is independent of y , this breaks up into 

(1 ,),(U) «(£)_.. ^(f) + f=«. 

From (10), we have 
(12) logF^yf l (x)+f(x). 

Since F t is a function of e~ v x, we must havey(cc) = c 2 log cc + constant, and 
f x (cc) = — c 2 , so that 

2^ = c 3 x°* e-™ . 
Substituting this expression in (11), we find c 2 = 0, so that 

F * = c s' F z = ~ c s lo g c i e-!,a3 = + c 3 y - c 3 log c^. 

The field is 

^ = c 3 x c+1 , yjr = c 3 yx c — c 3 af log qce . 

§9. xp + ayq,xq [27]. 
From the first of these infinitesimal transformations we have, § 1, 



-*<)■ -S'.(7> 
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Here 

(1) H-^%, 

v > yF^-xy'F, 



(2) G = X 



F.-y'F, 



To be invariant under the group xq, according to § 8, TiTand G must satisfy 
the conditions 

(3), (4) xH y + B y , = Q, xG y + G y , = 0. 



Equations (1) and (3) then give 

7JT 777 777 777 777 

(5) y ^ + -p - 1 = »• 

Integrating, we find 

(6), (7) y^ = y+f(x), Fi = [l+ f ^F 3 . 

Since F 4 and F 3 are functions oi x"/y, [1 +f(x)fy] must be a function of 
the same argument. Therefore 

(8) f(x) = c x x% ^=(1+^-)^. 

From (8) and (2), together with (4), we have 

W y f + F i +X dy\Fj- ¥xy dy\Fj- {i - 

Since J^ 3 is independent of y', 

Putting x"/y = v, we have 

ET _ _ ^ ^ffjl ^ ET' 

3 *~ y 2 dv ~ y 1 3 ' 

dy\Fj-dy\ fFj-\y>) dv\Fj + f F 3 - 
Then (10) becomes 

< i2 > "»(5) +to 5.— 
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Therefore 



±1 
- 1 s 

F " 

- 1 3 


C 


_°2 


F ■■ 

- 1 3 


-A 


'«" 



(13) 

From (13) and (10), we have c 2 (a — 1 ) = and hence c 2 = , since a =j= 1 by 
hypothesis. Therefore 



-* 3 



The field is 

<j, = c s o; ac , i/r = c^a; "'- ' + c 4 cc ac +°- 1 . 

§10. xp, q [28]. 
The conditions that D = shall be invariant under cc/> are 

xH-y'H,-H=0, xG„-t/G,+ G=0. 
Omitting the discussion, we give the result 

+ = *F t (y), ylr=x°-*F t (y). 



Then we have 



rr ~ 3^3 

-^-F.-xyF^ 

— F. + iF'.-cF^y -xy' 2 F' 3 

(-1 _ __z 

F.-xy'F, 

From the second generator, y, we have 

H =0, # =0. 

F'F—F'F = F=cF. 

The forms of the F functions are found to be 

F 4 = c 3 e™ , -F 3 = c 3 Cj e" 28 ' ; 
and the corresponding field is 

<f> = CgOfe" 2 ", i/r = cg?- 1 ^. 

§11. p,q [29]. 
When .D = is invariant under the group y (§ 5), we have 
«^ = e'*i^(a!), ■f = e cv F i (x). 
The infinitesimal transformations p and q are equivalent since the transforma- 
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tion x 1 = y , y x = x changes one into the other. Hence we must have also 

<j>=e~F 5 (y), ^ = e°-F 6 (y). 
The final result is the field 

(f, = c 3 e cx+c *> , yfr = c 4 e cx +' 2V . 

§12. ? ,^[30]. 
From § 5 , we have <£ = e cy F s ( cc ) and yfr = e cy i^ (:<•). Also 

w-< 2 ) "-jot g -^ + ?ot 

That this may be invariant under the group xq , we must have, (§ 8), 

(3), (4) xH + H yl = 0, »£, + G, » 0. 

From (1) and (3) we have F 3 = , and from (2), (4) and (5) we have c = . 
Therefore 

§13. ^p,yg-[8l]. 
From § 10, we have 

_ zxf c ~r F * + (*"* - cF ^' - xy ' 2F * 

(!)'( 2 ) H= F^yF s > ° = F.-xy'F, " 

The extra conditions, from yq, are 

(3), (4) yH + y'H, + H=Q, yG y + y'G y . = 0. 

From (1) and (3) 

y{F , i F i -F' i F i ) + F s F i =0. 

Integrating this we have 

(5) ' F^c x yF v 

From (2), (4) and (5) 

yF'^F,-yF' 3 2 + F s F' s = 0. 
Integration gives 

F 3 =C 3 fK 
The result is 

^> = c i x c y e \ yjr = c i x"- 1 y°*+ l 

§14. xp +yq, q [32]. 
From § 4, we have 
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Also 

The additional requirements are 

(8). (4) ^=0, G t = 0. 

Then (1) and (3) give 

F 4 F >- F 4 F * =o - 

But F 3 and F t are both functions of xjy. Therefore 

(5) F^ Cl F 3 . 

From (2), (4) and (5) we have 

cy' F 3xy F 3 -F Sx F 3 F 5m F s -F% 

y 2 + F\ +y F\ = °- 

Since F 3 is independent of y', we have 

(6), (7) ^^-/"^' -O, -L + EtoE^Ik^. 
and thus 

From these, 

/(y) + ^» /,(*). 

( 10 ) /i (*) = <*, /(2/) = c 2 -^. 

Then from (8) and (10) we have 

log F 3 = c 2 y - c log y + f 2 ( x ) , jF = - e °^+^). 

But _F 3 is a function of aj/y and hence f 2 (x) must be such a function that the 
right-hand member is also a function of xjy . Therefore 



/ 2 (j») = clogcc, c 3 = 0, 



The force is found to be 

<f> = X c , ■^r = c l a5 c . 
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§15. j,y?[88]. 

From § 5 we have <f> = e c "F 3 (x), ty = e^F^x), and thus 
— 3F F' — F'v 

(».(2) *-*=&,• e -« + *-=J&- 

In variance under the operator yq requires the two conditions 

(3), (4) yH+y'H y , + H=0, yG y + y'G y , = 0. 

From (1) and (3), we have F 3 I \ = ; therefore F 3 = or F t = , since we 
have excluded the case in which both (ft and yjr vanish. If F B = , from (2) 
and (4) we have c = . If F t = , (2) and (4) again give c = . Therefore 

<f> = Q , yfr = F t (x) or 4> = F 3 (x) , yjr = . 

§ 16. xp + 2yq, p + xq [34] . 
When D = is invariant under group [35] , we have (§ 1) 

Therefore to make it invariant under the group xp + 22/<2 , we must have 

♦ _„,.£). -£,.(*). 

We may put i/r in the form 



Then 

(1) 



-JF 3 
xF 5 -y'F 3 

W , yF, + xyF 6x + (agj^ - yF ix )y' - yy' 2 F 3y 



(2) G = -»- + „ 

w 2/ vyFs-yyFi 

In order to have Z> = invariant under the group [34] we must adjoin the 
two conditions (§3) 

(8), (4) It x + xH+H, = 0, G x + yG y + G v , = 0. 

From (1) and (3), we have 

(5) xiF^F.-F.FJ + ^iF^F.-F^^ + Fl-F.F^O. 
If we put x?jy = v, (5) becomes 

(2v-tf)(F' 3 F 5 -F' 5 F 3 ) + Fl-F 3 F 5 = 0. 



1909] 
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Integrating, we have 

(6) F i =(\+^V^fy)F 3 . 

From (2) and (6), we have 

{ ' " V (x -y + c t Vx 2 - 2y) Vx 2 - 1y K "*" y F z 

From (4) and (7), we have 



2/ 2/ 2 — \ - 3 



Since jP 3 is independent of y 

Again let x 2 /y = w . Then 

d(F M \_ ^F^_Wd (F' 3 \ S (K\_^H_^d JK\ 

8x\Fj- f F 3 y*dv\Fj> dy\Fj-y*F 3 tf*>\Fj- 

Hence (9) can be written 

~tf + '\tf-r)F\ + \y*-Y~ )~dv\~FJ~ 
Dividing by x/y 2 and replacing x 2 /y by v we have 

(10) c-2(,-l)J-(,*-2^(^) = 0. 

Integrating (10), we have 

log F 3 = c log (t> - 2) + ^log —^— + log c 3 , 

Then, from (8), we have c 2 = ; accordingly we have 
The field is found to be 



4> = c 3 (x 2 - 2y)% t = (x 2 - 2y) c (c 3 x + c 4 vV - 2y). 

Trans. Am. Math. Soc. 16 
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III. Three-parameter groups. 

§ 17. xq, q,p [13]. 

We proceed from two-parameter to three-parameter groups in the same 
way that we proceeded from one-parameter to two-parameter groups. We 
choose the <f> and i/r corresponding to a two-parameter subgroup, determine the 
form of jETand G, and then impose the condition for in variance under a third 
infinitesimal transformation. 

It was found, § 12, that when D = is invariant under group [30] we have 
<f> = and a/t = F±(x), and hence 

(1),(2) -H-=0, G = ~*. 

To the two-parameter group we adjoin the generator p making the group [13] . 
The extra conditions are 
(3), (4) 22>0, G x = 0. 

Then from (2) and (4) we have F t = e™° . The resulting field is 

§ 18. p + xq, xp + 2yq, q [14]. 

When D = is invariant under group [34] we have (§16) <f) = c 3 ( x 2 — 2y )" , 
i^ = (cc 2 — 2yJ{c 3 x + c i Vrf — 2y). Here 

(1) H- - 8C * 



c 3 (x — y) + c 4 yV — 2y' 



(2) C- c i (x-y')+c 3 y / x 2 -2y 2c{x-y') 

K) [c 3 (x-y') + c i Vx 2 -2y']v / x 2 -2y x 1 -2y 

To render D = invariant under the group q we must have in addition (§ 5), 

(3), (4) H = 0, G„ = 0. 

Then from (1) and (3) we have c 3 c, = . If c 3 = , (2) and (4) give c = — ^ . 
If c 4 = , (2) and (4) give c = . The field is therefore of one of the two forms 

<£ = 0, ^ = c 4 ; <f> = c 3 , yfr = c 3 x. 

§19. p + yq, q,xq [15]. 

We have found (§ 7) that when D = is invariant under group [25] 
^=c 1 e cx ,"^ = <*° +1)x . Then 

m rtN 77 ~ 3c i ^ (c+l)e*-ce l3 / 
(!)» ( 2 ) ^= e^y' ' ^ ^^? • 
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For in variance under the group xq, we have (§8) the conditions 

(3), (4) xH y + H y , = 0, xG t + G,-0. 

Then from (1) and (3) we have c l = ; (2) and (4) are then consistent. There- 
fore 

<£=0, yjr = e {c ~ 1)x . 

§ 20. p, q, xp + (y — x)q [16]. 

When D = is invariant under group [29] we have (§11) <£ = c 3 e cx+Cll/ , 
,] r = c i e cx+ ™. Then 

(1),(2) H= T=Vv- G = c + W'- 

4 3 " 

From the third generator of our group we find 

(3) xH x + {y-x)H y -H y , = Q, 

(4) xG x + (y-x)G y -G y , + G = 0. 

From (2) and (4) we have c — c 2 + c 2 y' = , whence c = c 2 = . From (1) and 
(3) we have then c 3 = . The field is thus simply 

<£=0, -f = c 4 . 

§21. xq,xp — yq,yp [17]. 

From § 9, <f> = c 3 x"% ^ = c z yx nc - 1 + c i x ae + a ~ l . If a = — 1 group [27] 
becomes the group xq, xp — yq . Then we have 

o, . c„« c, 

and 

(1),(2) ^ ~ 3 ^ 2 ,„ 6? -(«» + 2)e e + 1 

v c,032/ + o 4 — c^y c 3 a;2/ + c 4 — c 3 a: 2 ?/ x 

For invariance under the group yp we must have 

(3) yff x -y' 2 Hy'-2y'ff+S = 0, 

(4) 2,^-/Gy + 2/<y = o. 

From (1) and (3) we find c 4 = . Then from (2), (4) and (5) we have c = — 1 . 
The field is 

<f> = c 3 x, ir = c 3 y. 
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§22. p,q,(a-l)xp + ayq [18]. 
From group [29] we have </> = c $ e cx+ ™, yjr = c i e cx+e * y (§ 11), and thus 

W'( 2 ) H =f~,- G = c + c 2 y. 

The further conditions are 

(3) ( a - 1 )xH x + ayH + y'if , + if = , 

(4) (a - 1)30, + ay#, + y'G y , + (a - 1)G = 0. 
Then from (2) and (4) we have 

y'c s + (a — l)c + (a-l)c 2 y'=0. 

Therefore c = 0, c 2 = when a =f= ; c = when a = ; c 2 = when a = 1. 
From (1) and (3) we have c i c i = ; so that c 3 = or c 4 = 0. The results are 
<f) = , l/r = c 4 



, when a 4= , 1 ; 

4> = 0, ^=c 4 e«l 

> when a = 0; 
<£ = c^-*, -f=0 J 

<£ = <), t = c 4 ^l 

> when a ■ = 1 . 
<t> = c 3 e c ", ^=0 J 

§ 23. xp + a?/§s xq, q [19]. 
From group [27] , <f> = c 3 x™, -^ = c s 2/af c_1 + c 4 a:'* c+a -' , and 

(1) H-. - U >* 



c 3 y + c 4 x a — c 3 xy" 

(2 ) C- ^^ , + aC ~ 1 - 

^ ' c 3 xy + c i x a+1 — c 3 x 2 y x 

For invariance under the group q, we must have (§ 5) 

(3), (4) H = 0, G y = Q. 

From (1) and (3) we find c s = . Therefore 

<f> = , yjr = c 4 cc ac+a - 1 . 

§24. yq,xp,q [20]. 
From the result for group [31], we have, § 13, 

(1) H= ~ ^ X 



( 2) G= c - + c -*l + c ^y'-y) 



2 y , "4\ 



y ■ c 4 xy — c 3 x 2 y 
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The further conditions are 

The resulting fields are found to be 

^) = c 3 x c ,i/r = 0; <£ = 0, >Jr = c 4 af- 1 . 

§25. xp + yq, q,p [21]. 
From group [32] we have (§ 14) <£ = of , ^ = c { af, and thus 

The extra conditions give c = ; hence <j> = 1 , yjr = c l . 

§26. q,xq,yq [22]. 
From group [30] we have, § 12, <f> = 0, -^ = -F 4 («), and thus 

#=0, <? = -*. 

The third operator, yq , imposes no extra restrictions. Therefore 

= 0, t = ^(»0- 

§27. p + xq, xp+ 2yq, (x 2 — y)p + xyq [23], 
From the group [34] , we have 



<f> = c 3 (x 2 - 2y)% t = (c,» + c 4 l/a; 2 - 2y)(a 2 - 2y)% 
and hence 

(1) H= - 3C - , 

c 3 (x — y') + c i Vx 2 —2y 



(2) G = ^(k - V ) + c*V x' - J ty 2c(x-y') 
K {c 3 (x-y) + c i Vx 2 -2y)Vx 2 -2y x 2 -2y 

The additional equations are 

(3) (x* -y)H x + xyH y + (y- xy + y' 2 )II y , + 2y'H- xH- 3 = 0, 

(4) (x 2 - y)O x + xyG y + (y - xy' + y' 2 )G y , + 2xG - y'G + 3 = 0. 

From (1) and (3) we have c 3 = c 4 = . There is then no field of force 
whose trajectories are invariant under the group [23] . 
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IV. FOUK-PAKAMETEK GROUPS. 

§28. p, q, xq, axp + yq, a =f= \ [7]. 

The system of trajectories is invariant under group [13] when we have (§ 17) 
£ = , yjr = e ex , and thus 
(1),(2) H=Q, G=c. 

The further conditions, due to the infinitesimal transformation axp + yq , are 

(3) axH +y H v+ {\- a)y'H y , + (1 - a)H= 0, 

(4) axG x + yG y + {l-a)y'G y ,+ aG = 0. 
From (2) and (4), we find ac = . The results are 

£ = 0,^ = l,a=|=0; <f>= 0, f = e cx , a = 0. 

§ 29. q, xq, xp + 2yq,p [8]. 

When a = 2 group [19J becomes the three-parameter group q,xq,xp + 2yq . 
In this case we have <f> = 0, ty = c i x' k+1 , and 

x 

In variance under the operator p is easily found to require 2c + 1 = . 
Therefore the field is 

§ 30. p, q, xq, xp [9]. 

From group [13] we have (§ 17) <f> = , yjr = e M , and 

77=0, G = c. 

Invariance under xp requires the conditions 

xH-yH y ,-H=0, xG x -y'G y ,+ G = 0. 

We find c = and thus 

4> = 0, f = l. 

§ 31. xp, yq, xq, yp [10]. 

In order to determine £ and i/r so that D = is invariant under group [10] 
we take the values of <f> and tjr corresponding to the group [31] , impose first 
the condition for invariance under the group xq, and then the condition for in- 
variance under the group yp . 

From group [31] we have (§ 13) <f> = c 3 x"y C2 , 1/r = c i x"~ 1 y Ct+1 , and hence 

( i),(2) h=-^ c ^„ G =° + ^ + ^^(K. 

v ' v ' c t y — c 3 xy x y c^xy — c s x z y 
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The operator xq imposes the conditions (§8) 

(3),(4) xH y + H y , = 0, xG y +G yl = 0. 

From (1) and (3) we have c 3 (c 3 — c 4 ) = 0, so that c 3 =0 or c 3 = c^. If 
c 3 = , (2) and (4) give c 3 = — 1 . If c 3 = c 4 , then (2) and (4) give c 2 = . 
Therefore 

(5) <£ = 0, yJr = Ci X°- 1 , 

(6) <f> = c 3 x°, ^ = c 3 a5°" 1 y. 

We must now add the conditions due to yp (§ 21), namely, 
(7), (8) yH x - fH y , - 2y'H+ 3 = , y G x + y' 2 G y , + y'G = 0. 

When <j> and yjr are defined by (5) we have 
(9), (10) 11=0, G = Cj ^ 

and when <f> and y]r are defined by (6) we have 

(11), (12) H=^-„ G = C -^. 

v/x/ y — xy ■ x 

Equations (7) and (9) are not consistent, hence (5) does not give a solution. 
Equations (7) and (11) are consistent, and (8) and (12) give c = 1. Therefore 

<f> = c 3 x, V r = c 3 2/- 

§32. xp, yq, q,p [11]. 

From group [20] (§ 24) either <j> = c 3 x c , y}r = or <j> = 0, i/r = c 4 03 c_1 and 
hence 

H=%, G = -, or H=0, G = C ^±. 

y x x 

The operator p requires H x = , G x = ; from which we find 
<£ = C 3 , yfr = 0; <f} = , i|r = c 4 . 

§33. q,yq, xp, xq [12]. 

Under group [20] , formulas (1), (2), (3), (4) (§ 32), give us the forms of H 
and G. The additional equations, due to xp, are 

xH+II y , = 0, xG y +G y , = 0. 

The only solution is found to be 

$ = , y}r = c i x c ~ 1 . 
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V. Five-parameter groups. 
§34. xp — yq,yp, xq,p, q [4]. 
Under group [17], we have (§ 21) <f> = c 3 x, yjr = c 3 y, and hence 

H=^, G = 0. 

y — xy 

The operator p requires 

2T X =0, G x = 0. 

The conditions are 'not consistent, hence there is no field of force whose tra- 
jectories are invariant under group [4] . 

§ 35. xp — yq, yp, xq, x 2 p + xyq, xyp + y 2 q [5]. 
Under group [17], we have (§ 34) 

H=-=^„ G = 0. 

y-xy 

The operator x 2 p + xyq gives 

x 2 H x + xyH y + (y - xy')H y , - xH= , 
x 2 G x + xyG u + (y- xy)G y , + 2xG + 3 = 0. 
Hence no field of force exists. 

§36. q, yq, xq, xp,p [6]. 
Under group [12] ■, <j> = , yfr = c^x c ~ x , and hence 

H=0, G = C ~~^. 

x 

The operator p requires that c = 1 . Hence the field is 

0=0, -f = c t . 

VI. Groups of more than five parameters. 
The remaining groups are two of six parameters 

p, q, xp, yp,xq, yq [2], 

®p, yp, ®q, yq, ® 2 p + «yq, xyp + y 2 q [3] , 

and the entire eight-parameter group 

P,q,xp, yp, xq, yq, x 2 p + xyq, xyp + y 2 q [1] . 

Each of these contains as a subgroup either group [4] or group [5] , which do 
not give rise to fields. Hence no field of force * corresponds to the present 
groups. 

* Except, of course, the trivial field ^ = 0, V = 0, whose trajectories are straight lines. 
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The preceding results, simplified by projective reduction, and arranged in the 
order of Lie's list, are collected in the following table. The groups omitted, 
namely, 1, 2, 3, 4, 5, and 23, do not give rise to any solutions. 



Lie's 
No. 


Group. 


<A 


-A 


6 


q, yq, xq, xp, p 







1 






, f« 4= 





1 


7 


p, q, xq, axp + yq, a 4= 


2 \a = 





e x 


8 


q, xq, xp + 2yq, p 







1 


9 


p, q, xq, xp 







1 


10 


xp, yq, xq, yp 




X 


y 


11 


x p, yq, q, p 







l 


12 


q, yq, xp, xq 







x c 


13 


xq, q, p 







1 


e x 

1 


14 


p + xq, xp + 2yq, q 


■ 


1 

X 


15 


p + yq, q, xq 







e x 


16 


p, q, xp + (y — x)q 







1 


17 


xq, xp — yq, yp 




X 


y 


18 


p, q, (a— Vpcp + ayq 


a+0,lj 


1 






i 






a=0 { 












a = l j 





e x 






e x 





19 


xp + ayq, xq, q 







x ac 


20 


yq, xp, q 


I 


x e 





x c 


21 


x p + yq, q, p 




1 


1 


22 


q, xq, yq 







F{x) 


24 


p+xq,q 




gC2(* 2 — 2s0+as 


(c,ic+ l)e° i(x * +2 »'> + * t 


25 


v + yq, q 




e M 


g( 0+1)1 


26 


q + xp, xq 




af +1 


x°(y —log Cl x) 


27 


xp + ayq, xq 




X™ 


«r-\y + c^x") 


28 


xp, q 




x Cl e"" 


ajci-l e cy 


29 


p,q 




gcx+c^y 


o 3 e cx+Ciy 


30 


q,xq 







F{x) 


31 


xp, yq 




x"y° 1 


c K x c - 1 y c * +1 
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Lie's 

No. 


Group. 


<t> 


<l> 


32 
33 


xp + yq, q 

xp + 2yq, p -\-xq 
xp + ayq a =f= 0, 1 

p + yq 

p + xq 
xp + yq 

q 


x° 


Fix) 
(x*-2y)° 

"G) 

y c F(e-*y) 
e cx F(x 2 —2y) 

e cy F(x) 


c x x c 

F(x) 




34 
35 
36 
37 

38 
39 


(x 2 -2yy( Cl y!x 2 -2y+x) 

x x \y ) 
tf+ l Fle-*y) 
xe cx F(x?—2y) 

+ e ac F 1 (x 2 -2y) 

e^F x (x) 



VIII. Trajectories of the fields of force corresponding to groups 
of three or more parameters. 

Among the fields of force whose trajectories are invariant under projective 
groups of three or more parameters, there are only eight projectively distinct 
types ; these are given in the following table together with the largest group 
admitted. 



No. 


Group. 


<t> 


"A 


6 


q, yq, xq,p, xp 





1 


7 


p, q, xq, axp + yq a = 





e x 


10 


xp,xq,yp,yq 


x 


y 


12 


q, xq, yq,xp 





x c 


14 


p + xp, xp + 2yq, q 


1 


X 


18 


p, q, (a — l)xp + ayq a = 





e" 


20 


xp, yq, q 


x° 





22 


q, xq, yq 





F(x) 



The differential equations of the trajectories of these eight types, together 
with their complete solutions, are given below. The calculations require only 
quadratures. 

Group [6] : 

y" = , y = ax 2 + #b + y. 

Group [7]: 

y'" = y"i y = ae* + fix + ry. 
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Group [10]: 



//2, 



Group [12]: 
Group [14]: 



V" = Xy -, I, oa? + /3xy + yy 2 =l. 

y-xyf -r^y-rry 



y'"= — , y = <xx c+2 -f /3x -f 7- 



x 



y =; 



O //2 « 



y — cc a? — y 

4cc 4 - 48afy - XQax 3 + ±x 2 (@ + 4a 2 ) + 96occy + 144y 2 

- 2x(4a/3 + y) - 24/% + /3 i — ay = 0. 



Group [18]: 
Group [20]: 



y" = V y"i 7«" = see 2 ( okb + /3 ) . 

-f- 



,„ %" , c y" , C dx 



y x "J yax e + l + /3 



Group [22]: 

F' (x) r (* 

y> " = Fix) y "' y = a J J - pT ( x )^ a? ^ a? + / 3a5 + 'y- 

From these results we see that the trajectories invariant under groups [7] 
and [18] are transcendental curves ; those invariant under [6], [10], [12] and 
[14] are algebraic; while those invariant under [20] and [22] may be either. 

Of especial interest are those forces in which the trajectories are a triply 
infinite system of conies. This is obviously the case for the trajectories invariant 
under groups [6] and [10]. For the first, the system consists of parabolas with 
vertical axes ; and for the second, of the conies with a common center. 

When c = — 3 or — |- the trajectories invariant under [12] are conies given 
by the equations 

(1) xy = fix i +yx + a, 

(2) (a iy +^x + % y = x. 

Equation (1) is that of the system of hyperbolas whose centers are on the 
7/-axis and which have the y-axis as a common asymptote, a system which 
may easily be projected into the system of vertical parabolas. The projection 
x = (cCj + J2/i)/( x i — Wi)i y = ■"7( a5 i — *Vi)' which transforms the line at 
infinity and the y-axis into the two minimal lines through the origin, transforms 
(2), since that is the equation of all parabolas tangent to the y-axis, into the 
equation of the conies with the origin as a common focus. The force is then 
newtonian attraction. 
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When c = — 3 the trajectories, under [20] have the equation 

2/ 2 + /3 1 x 2 +a l2 /+7 1 = 0. 

This gives the system of conies with centers on the y-axis and axes parallel to the 
coordinates axes, protectively equivalent to the system under group [10] . For 
c = the trajectories invariant under the group [22] obviously become the 
parabolas with parallel axes. 

No new cases are found under group [22] . It is known from the investiga- 
tions of Bertrand, Halphen, and Appell that there exist only three projectively 
distinct types where the trajectories are conic sections : First, parabolas with 
parallel axes, generated by a constant parallel force, and allowing a five-parameter 
group. Second, conies with a common center, generated by a central force 
varying directly as the distance, and allowing a four-parameter group. Third, 
conies with a common focus, generated by a central force varying inversely as 
the square of the distance, and allowing a four-parameter group. 

Columbia University, 

May, 1908. 



